We describe the trace representations of two families of binary sequences derived from the Fermat quotients modulo an odd prime p (one is the binary threshold sequences and the other is the Legendre Fermat quotient sequences) by determining the defining pairs of all binary characteristic sequences of cosets, which coincide with the sets of pre-images modulo p 2 of each fixed value of Fermat quotients. From the defining pairs, we can obtain an earlier result of linear complexity for the binary threshold sequences and a new result of linear complexity for the Legendre Fermat quotient sequences under the assumption of 2 p−1 ≡ 1 mod p 2 .
Introduction
For an odd prime p and an integer u with gcd(u, p) = 1, the Fermat quotient q p (u) modulo p is defined as the unique integer with
and we also define q p (kp) = 0, k∈ Z.
Many number theoretic and cryptographic questions as well as measures of pseudorandomness have been studied for Fermat quotients and their generalizations in .
In this article, we still concentrate on certain binary sequences defined from Fermat quotients in the references. The first one is the binary threshold sequence (e u ) studied in [5, 7] by defining 
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(In fact, in [14] , χ, a fixed multiplicative character modulo p of order m > 1, is applied to defining m-ary sequences (h u ) of discrete logarithms modulo a divisor m of p − 1 by exp(2πih u /m) = χ(q p (u)), 0 h u < m, if q p (u) ≡ 0 mod p and h u = 0, otherwise. When m = 2, we have h u = f u for all u 0.) We note that (e u ) and (f u ) are p 2 -periodic since
see, e.g., [15] . The authors of [7] and [14] investigated the measures of pseudorandomness as well as linear complexity profile of (e u ) and (h u ) (of course, including (f u )) via certain character sums over Fermat quotients, respectively. The authors of [5] determined the linear complexity (see Section 2 for the definition) of (e u ) under the condition 2 p−1 ≡ 1 (mod p 2 ) by using the theory of cyclotomy, since q p : Z * p 2 → Z p is a group homomorphism by the fact, see e.g., [15] , that
However, the linear complexity of (f u ) is still open. (Note that part of the work has been done in [23] if 2 is a primitive element modulo p 2 .) One of the main aims of this article is to solve this problem. Our second main aim is to investigate the trace representations of (e u ) and (f u ). For this purpose, we need to describe (e u ) and (f u ) in an equivalent way.
Define
Indeed, if g is a (fixed) primitive root modulo p 2 , we have by Eq. (4)
and for l = 0, 1, . . . , p − 1, there exists an integer 0 l 0 < p such that
One can equivalently define (e u ) and (f u ), respectively, by resetting the terms in the first period and repeating periodically
and
where Q is the set of quadratic residues modulo p and N the set of quadratic non-residues modulo p. We note that the cardinality
Trace function is extensively applied to producing pseudorandom sequences efficiently and analyzing their pseudorandom properties. A well-known example is the m-sequences [24, 25] . The trace representations of many famous sequences, such as Legendre and Jacobi sequences and their generalizations, have been studied in literature [26] [27] [28] [29] [30] [31] [32] [33] . In this article, we will represent (e u ) and (f u ) as a sum of trace functions via determining the defining pair (see Section 2 for the definition) of the binary sequences (s
which is called the binary characteristic sequence with respect to the coset D l . As an application of defining pairs, we obtain an earlier known result of linear complexity of (e u ) proved in [5] and a new result of linear complexity of (f u ) under the assumption of 2 p−1 ≡ 1 (mod p 2 ).
Preliminaries
Let F 2 = {0, 1} be the binary field and F 2 the algebraic closure of F 2 . For a binary sequence (s u ) over F 2 of odd period T , there exists a primitive T -th root β ∈ F 2 of unity and a polynomial g(
We call the pair (g(x), β) a defining pair of (s u ) and g(x) the defining polynomial of (s u ) corresponding to β [26] [27] [28] . Note that for a given β, g(x) is uniquely determined up to modulo x T − 1 [28, Lemma 2] . The relation between (s u ) and {ρ i : 0 i < T } is given as
The righthand side is referred to as the discrete Fourier transform of (s u ) [24] . We recall that the linear complexity L((s u )) is the least order L of a linear recurrence relation over
which is satisfied by (s u ) and where
The linear complexity of sequences plays an important role in stream cipher. For a sequence to be cryptographically strong, its linear complexity should be large and at least a half of the period according to the Berlekamp-Massey algorithm [35] . From [36] or [24, Theorem 6.3] , the linear complexity of (s u ) is determined by
i.e., the linear complexity of (s u ) equals the number of nonzero coefficients of g(x) mod x T − 1, which is also called the Hamming weight of g(x).
However, it is not easy to determine the linear complexity via Eq. (5) by re-constructing g(x) for a sequence. Fortunately, one can determine the linear complexity in another way. Let
which is called the generating polynomial of (s u ). Then, the linear complexity of (s u ) is computed by
see, e.g., [25] for details. First, we present some auxiliary statements. Let g be a (fixed) primitive root modulo p 2 and q p (g) = δ for some 1 δ < p in the context. For the sake of convenience, we adjust the subscript of cosets D l defined in Section 1 in the following way:
here and hereafter the subscript of D is performed modulo p, i.e., D l+p = D l for all l 0.
Lemma 1 [5] . For any 0 l < p, if u mod p 2 ∈ D l for some 0 l < p, we have 
Proof. We only prove (ii). By Eq. (7), we have
Let θ = β p , which is a primitive p-th root of unity. For 0 l < p, we derive
which deduces the desired result for different k modulo p. We note that the calculations are performed in finite fields with characteristic two.
Motivated by [28] we describe a method for determining the defining pair of binary characteristic sequences with respect to a single coset in the following technical lemma, which will be used to show the main theorem.
Lemma 3.
Let q p (g) = δ for a (fixed) primitive root g modulo p 2 and β ∈ F 2 be a primitive p 2 -th root of unity. Then, for 0 i < p, the defining pair of (s
The numbers iδ, jδ, (i + j)δ in the super-or subscripts are reduced modulo p.
Proof. Define p-tuples
Using Eq. (7) we calculate for fixed 0 i, j < p
For those w ∈ D 0 with gcd(g i−j + w, p) = 1, we see that γ w is a primitive p 2 -th root of unity and hence we have by Lemma 2(i) 
which implies that there is exactly one w satisfying such condition. In particular, if i = j we see that l 0 = 0 and hence γ w = 1. In this case, we have
However, if i = j, we see that γ w is a primitive p-th root of unity and by Lemma 2(ii) we derive
Putting everything together, we get
1, otherwise.
Now we verify that (G iδ (x), β) is the defining pair of (s
For u ≡ lp (mod p 2 ) with 1 l < p, we have by Lemma 2
For u ∈ D kδ with 0 k < p, we have by Lemma 1
That is, s
for all u 0. We complete the proof.
Trace representation
The trace function from the finite field F 2 n to F 2 k is defined by For a, b ∈ F 2 k and x, y ∈ F 2 n , we have Tr
We refer the reader to [25] for details on the trace function. With δ as above, by Lemma 3 it is easy to see that (G(x), β) with
is the defining pair of (e u ) defined in Eq. (1).
Theorem 1.
Let q p (g) = δ for a (fixed) primitive root g modulo p 2 and β ∈ F 2 be a primitive p 2 -th root of unity as before. Let λ be the smallest positive integer satisfying 2 λ ≡ 1 (mod p). Then, the trace representation of (e u ) defined in Eq. (1) is
and otherwise
where 
from which we derive 
and hence
We complete the proof. We need to determine the values of η j for 0 j < p. Clearly, η 0 = E(β), where E(x) is the generating polynomial of (e u ). For 2 p−1 ≡ 1 (mod p 2 ), it was checked in [5] that all η j 's are different and for each 0 j < p there exists a 0 r j < p such that η j = η 2 r j 0 . Hence, all η j 's are (nonzero) roots of a primitive polynomial of degree p over F 2 in this case. Then, using the relation (5), we can get an earlier result in [5] on the linear complexity of (e u ), which we will list in Section 4 as a theorem. However, for 2 p−1 ≡ 1 (mod p 2 ), each η j ∈ F 2 and we have no more results.
Similarly, one can obtain the defining pair (H(x), β) of (f u ) defined in Eq. (2). With δ as before, from Lemma 3 H(x) is of the form
where N is the set of quadratic non-residues modulo p. Now we describe the trace representation of (f u ). The proof is the same as that of Theorem 1 and we omit it. Theorem 2. Let q p (g) = δ for a (fixed) primitive root g modulo p 2 and β ∈ F 2 be a primitive p 2 -th root of unity as before. Let λ be the smallest positive integer satisfying 2 λ ≡ 1 (mod p). Then, the trace representation of (f u ) defined in Eq. (2) is
where for N , the set of quadratic non-residues modulo p, η j is
Linear complexity
The linear complexity of (e u ) has been shown in Ref. [5] , we present here for completeness of this article without a proof.
Theorem 3 [5] . Let (e u ) be the binary sequence of period p 2 defined in Eq. (1). If 2 p−1 ≡ 1 (mod p 2 ), then the linear complexity of (e u ) satisfies
Fortunately, we have a similar result of linear complexity for (f u ). However, it seems that the proof in [5] cannot be used and we will give a new simple proof below. We note that the new proof can be used to show Theorem 3. 
Clearly, Λ 0 (x) is the generating polynomial of (f u ). For 0 < p, we only need to show Λ (β) = 0 for a primitive p 2 -th root of unity β ∈ F 2 by Eq. (9). We assume that Λ 0 (β) = 0 for some 0 0 < p. Since 2 p−1 ≡ 1 (mod p 2 ), we set q p (2) = μ = 0. Then, by Lemma 1 we have for 0 j < p
where the subscript of Λ is reduced modulo p. That is, Λ (β) = 0 for all 0 < p. Also, we have Λ (β u ) = 0 by Lemma 1 again for all u ∈ Z * p 2 and 0 < p. On the other hand, all (p 2 − p many) elements β u for u ∈ Z * p 2 are roots of
which has no other roots. Hence, we have
Using the fact that
we restrict deg(π(x)) < p. However, Λ 0 (x) has (p − 1) 2 /2 terms and the right hand side of Eq. (10) has pt terms if π(x) has t terms, a contradiction. Thus we conclude that Λ (β u ) = 0 for all u ∈ Z * p 2 and 0 < p. Then by Eqs. (9) and (5) we get the desired result. Of course, one also can use Eq. (6) to finish the proof. By Lemma 2(ii) we get
We draw a conclusion that Λ 0 (x), the generating polynomial of (f u ), and x 
Concluding remarks
In this article, we explicitly describe the trace representations of two families of binary sequences derived from some union of cosets defined using Fermat quotients modulo p via constructing their defining pairs, which are a sum of the defining pair of binary characteristic sequences defined by a single coset. We also obtain the linear complexity of these sequences from their defining pairs. [37] . We finally remark that it is more frequent to define balanced binary sequences for some special applications. Thus, we can modify the definitions of (e u ) and (f u ) to define, respectively, Then, it is easy to derive the trace representations and the linear complexity of ( e u ) and ( f u ) from their defining pairs, respectively.
